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The shear loading initially causes matrix damage, followed by
® ber failures in the ply experiencing compression in the ® ber di-
rection. The orthotropy in material properties decreases in this ply
relative to the other ply, creating shear-extensioncoupling. This re-
sults in further ® ber damage in the ply and an eventual decrease in
the ® nal failure load.The resultspresentedin Tables1±3 corroborate
this physical reasoning.The ® ber damage producedby the damage-
induced anisotropy is a small fractionof the ® ber damage produced
by the applied tension/compression loading for cases with high ra-
tios of tension/compression to shear loading.For ratios greater than
about 0.5, the differencebetween Sxy and S 0x y is relatively small, as
one would expect.

The effects of loading rate on laminate behavior are shown in
Figs. 1 and 2. Predicted stress±strain curves of [§30]s laminate
undershearfor four loadingratesare shown in Fig. 1a (solid,dashed,
and dot±dashed lines correspond to e x x , e yy , and c x y , respectively).
Variation of relative shear-extensioncoupling coef® cients is shown
in Fig. 1b (solid lines, A16; dashed lines, A26). The increase in
loading rate substantially increases the strengthof the laminate (see
discussionin Ref. 1), but the valuesof A16/ A66 and A26/ A66 ratios at
failureare independentof the loadingrate.Comparisonswith stress±
strain diagrams predicted without accounting for damage-induced
anisotropy (Fig. 2a) show that the effect of the damage-induced
coupling on the shear strength is nearly independent of stress rate.
However, variation of couplingcoef® cients under complex in-plane
loading r x x = r yy = s x y = r (Fig. 2b) depends on the stress rate.
The coupling is lower at high loading rates.

The effect of stress deviation on damage-induced anisotropy in
laminate under shear (Table 4) shows that maximal coupling at
failure starts to be reduced at deviations higher than 10 MPa. The
damage-induced coupling signi® cantly decreases shear strength at
low deviations.For example,neglectingdamage-inducedanisotropy
almost doubles the estimate of shear strength at r q = 0.1 MPa.

Conclusions
The shear-extension coupling due to damage in an initially bal-

anced [§30]s laminate was studied using a damage evolutionmodel
developed by the authors. The effects of complex loading appli-
cation and loading rate and deviation were investigated. It was
shown that the combination of shear loading with uniaxial or biax-
ial tension and compressionreduces shear-extensioncouplingwhen
the longitudinal-to-shear-loadingratio is suf® cientlyhigh.Damage-
inducedshear-extensioncouplingismorepronouncedat lowloading
deviations.

The analysis shows that neglectingdamage-inducedcoupling,as
most existing models do, may lead to substantial overestimation
of the laminate strength. The overestimation by not taking into ac-
count the damage-inducedanisotropy is severe for loads with a low
deviation and predominantly shear loads. The cases studied in this
Note clearly bring out the shortcoming of models that do not take
into account the damage-inducedanisotropy, especiallywhen dam-
age is slowly progressing. The effect of loading rate on angle-ply
laminate was compared with previous experimental observations.
Experiments studying the effect of all of the parameters discussed
in this Note are not available in the open literature.The authors plan
to carry out such experiments in the future to verify the predictive
capabilities of the analytical model.
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Introduction

I NTERLAMINAR stresses in composite laminates are caused by
the mismatch in material properties of the constituent laminas

and the stacking sequence.1 Several methods are available for ana-
lyzing interlaminar stresses at free edges. These include the ® nite
element method,2 complex stress potentialmethod,3 and variational
approach.4 These solution procedures are all quite involved.

The interlaminarnormal stress is caused by the mismatch in Pois-
son’s ratios of the constituent laminas. The problem of predicting
interlaminar normal stress and the in¯ uence of stacking sequence
on laminate strength was discussed by Pagano and Pipes.5,6 An ap-
proximatedistributionof interlaminarnormal stress at the free edge
of a laminate in uniform axial strain was assumed based on the mo-
ment equilibrium of the upper sublaminate.Herakovich1 discussed
the relationshipbetweenengineeringpropertiesand delaminationof
compositematerials. Interfacemoment was related to the resistance
of the laminate to open-mode delamination. However, no equation
describing this relation has been devised.

In this study, an attempt was made to relate average interlami-
nar normal stress to interface moment at the free edge for several
families of laminates. By establishing a relation between these two
variables,the averageinterlaminarnormalstresswas obtainedby the
classical laminated plate theory (CLPT). The relationwas then used
to predict the onset of open-mode free edge delamination for three
laminates. The method was veri® ed by comparing the predictions
with existing experimental data.

Preliminary Consideration
Considera balancedand symmetric laminatesubjectedto uniform

axial extension along the x direction (Fig. 1). For a long laminate,
the state of stress can be regardedas independentof the longitudinal
direction, thus reducing the problem to a pseudo-three-dimensional
problem.

The stress state in a sublaminate above the kth interface is illus-
trated in Fig. 2. Because of the mismatch in Poisson’s ratios of the
individual layers, transverse stresses r y are induced in these layers.
The magnitudes and signs of these stressesdepend only on the mis-
match of the Poisson’s ratios and can be determinedby CLPT. They
are independent of the stacking sequence. The equilibrium of this
sublaminate in the y direction requires that s k

yz (y) be developed at
the interface to balance the transverse stress. Moment equilibrium
about the x axis requires that r k

z (y) be developed at the interface;
r k

z (y) must be self-equilibrating,and its distributionmust be equiv-
alent to a couple of on-zero moments when equilibrium in the z
direction is considered.Thus, interlaminar normal stress r k

z (y) can
be related to the in-plane transverse stresses r i

y (i = 1, 2, . . . , k)
through

*
b

0

r k
z (y)y dy =

k

S i = 1

r i
y h i( zi + zi ¡ 1

2 ¡ zk) = m(k) (1)
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Fig. 1 Laminate subjected to uniaxial loading.

Fig. 2 Stress state in a sublaminate above the kth interface.

where m (k) is called the interface moment or unbalanced moment
at the kth interface, zi is the coordinate of the i th interface, h i is
the thickness of the i th ply, and b is the half-width of the laminate.
The actual distribution of r k

z (y) can only be determined by very
involved analytical methods or ® nite element analysis.

Because interlaminar stress gradients in the vicinity of the free
edge are very large (singular stresses exist at the edge), stress con-
centration factors are not adequate to characterize the stress levels
that are responsiblefor interlaminarfailure. It is customaryto de® ne
an average stress by averaging the interlaminar stress component
over a ® xed distance (critical length) d0 from the free edge.7 For
instance, the average interlaminar normal stress at the kth interface
is de® ned by

År (k)
z =

1

d0 *
b

b ¡ d0

r k
z (y) dy (2)

In this study, the critical distance d0 was chosen to be two times
the ply thickness.7 It is the objective of this study to relate this
average stress to the interface moment m(k) . Once this relationship
is established, it is then possible to use CLPT to ® nd År (k)

z , which is
subsequentlyused to predicate the onset of free edge delamination.

Relationship Between Average Interlaminar
Normal Stress and Interface Moment

For a symmetric and balancedlaminateunderuniformaxial strain
e 0 , the pseudo-three-dimensional displacement ® eld can be written
in the form2

u = e 0x + U (y, z), v = V (y, z), w = W (y, z) (3)

where u, v , and w are displacements in the x , y, and z directions,
respectively; U (y, z), V (y, z), and W (y, z) are functions of y and
z only.

A ® nite element program7 developedbased on the precedingdis-
placement ® eldwas used to calculateinterlaminarstresses.The ® nite
element model uses nine-node isoparametric elements to model a
quadrant of the cross section. Very ® ne meshes were used near the
edge.The material propertiesof AS4/3501-6graphite/epoxysystem
in Ref. 7 were used in the computation.

The laminates considered are all eight-layer laminates includ-
ing [§h / 0/ 90]S families, [§h / 902]S families, and the [§30/§60]S

family, where h = 30, 45, and 60 deg. For each family, all pos-
sible stacking sequences were considered. For example, for the
[§45/ 0/ 90]S family, [45/ ¡ 45/ 0/90]S , [45/ 0/90/ ¡ 45]S , [0/ 45/
90/ ¡ 45]S , etc., were analyzed individually. There are 24 possible
stacking sequences for this family. However, only 12 of them are
distinct because of the interchangeabilityof the +45- and ¡ 45-deg
layers.

For each laminate, the interface moment at each interface was
calculated by using CLPT and Eq. (1); average interlaminar nor-
mal stress at each interface was calculated by the ® nite element
model and Eq. (2). Generally, in a laminate family, [§45/0/90]S ,
for example,a larger averageinterlaminarnormalstress corresponds
to a larger interface moment. When the average interlaminar nor-
mal stresses were plotted against the corresponding interface mo-
ments for each family, a very good linear relationshipwas observed.
Figure 3 shows the result for the [§45/0/ 90]S family. Each point
representsthe averageinterlaminarstress-interfacemoment relation
at an interface.The solid line is the least square ® t of the data points.
The correlation coef® cient is R2 = 0.987.

Note that for [§h /0/90]S and [§h /902]S families with h ® xed,
the linear relations are almost the same. This phenomenonsuggests
that, for a [§h / 0/ 90]S or [§h /902]S family, the linearity is primar-
ily determined by the + h - and ¡ h -deg layers. For the [§30/§60]S

family, the +30- and ¡ 30- deg layers determine the linearity of the
relationship between average interlaminar normal stress and inter-
face moment. This leads to the data points of the [§30/§60]S fam-
ily being approximately coincident with those of the [§30/0/ 90]S

family and the [§30/902]S family.
It is noted that for various h , the slopes of the linear relations are

slightlydifferent.To establisha uni® ed relationbetween the average
interlaminar normal stress and the interface moment for all of the
laminate families considered, an adjustment is needed. It is found
that the slope of linear relation for each family is proportional to
[ 6p (Ex / E0)], where Ex is the apparentYoung’s modulus of the + h -
or ¡ h -deg layer, and E0 is the longitudinal Young’s modulus of
the unidirectional laminate. Thus, taking this value as an adjusting
factor K de® ned by

K = (Ex / E0)
1
6 (4)

Fig. 3 Average interlaminar normal stress vs interface moment in
[§45/0/90]S family.
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Fig. 4 Adjusted average interlaminar normal stress vs interface mo-
ment in [§µ/0/90]S, and [§µ/902]S , and [§30/§60]S families; solid line
is the least square ® t of all of the data points.

for each family of laminates, a uni® ed relation between average
interlaminar normal stress and interface moment can be established
for all families of laminates. Figure 4 shows the results for all of
the families plotted with the adjusted interlaminar normal stress
( År (k)

z / e 0)/ K vs the interface moment m(k)/ e 0. It can be seen that
a very good linear relation exists between the two variables. The
quantitative expression of this relation can be written as

År (k)
z = 5.075K m(k) (5)

This equationdescribesa relationbetween År (k)
z , which usually must

be determinedby ® nite elementmethod or other analyticalmethods,
and the interface moment mk , which can easily be obtained from
CLPT.

Prediction of Average Interlaminar Normal Stress
and Onset of Open-Mode Delamination

Equation (5) can be used to predict average interlaminar normal
stress in laminatesof [§h / 0/90]S or [§h /902]S families in conjunc-
tion with CLPT. As an example, average interlaminarnormal stress
in the [§25/ 0/ 90]S laminate family were predicted by Eq. (5). The
predictionswere compared with those calculated from the ® nite el-
ement model. It was found that the prediction of Eq. (5) is in fairly
good agreement with the ® nite element results.

Interlaminar failure could be caused by interlaminar shear
stresses, or normal stress, or both. Experimental data on the onset
of delamination that is caused by interlaminar normal stress only
are relatively rare in the literature.Open-mode delaminationoccurs
at an interface where tensile interlaminar normal stress r z is pre-
dominant. For balanced symmetric laminates, those interfaces are
usuallyin midplanesor nearmidplanes.It was foundbyHerakovich8

that [§45/ 0/ 90]S laminate under tensile axial loading delaminated
along the midplane where the interlaminar normal stress is the
largest and interlaminar shear stresses are zero. It was observed
in Ref. 9 that in the [§25/902]S laminate of T300/934 under tensile
axial loading, delamination ® rst occurs in the midplane.

Table 1 lists comparisonsof predictionof thepresentmethodwith
existing experimentaldata in the literature on the axial stress corre-
sponding to the onset of open-modedelaminationfor [§45/0/90]S ,
[§40/ 902]S , and [§25/ 902]S laminates. For these laminates, av-
erage interlaminar normal stress is assumed to be responsible for
the onset of open-mode delamination. It is assumed that when the
average interlaminar normal stress reaches the normal interlaminar
strength, open-mode delamination occurs. For all material systems
considered, experimental data on normal interlaminar strengths are

Table 1 Prediction and experimental data of axial stress
corresponding to the onset of open-mode delamination

for four laminates, megapascal

Laminate: [§45/ 0/ 90]S [§40/ 902]S [§25/ 902]S

Material AS4/3501-6 T300/5208 T300/5208 T300/934
Experiment 452 (Ref. 10) 295 (Ref. 11) 163 (Ref. 12) 324 (Ref. 9)

372a (Ref. 13) 313 (Ref. 12)
Prediction 432 299 153 346

aAS/3501-6 data.

lacking and, thus, the transversestrengthof the compositewas taken
as normal interlaminar strength. Generally, matrix cracking occurs
before the onset of delamination. To account for the effect of in-
plane matrix cracking, it is assumed that the normal interlaminar
strength is 90% of the transverse strength when matrix cracking
is present in adjacent laminas.7,10 From Table 1, it is seen that the
prediction of the present method is quite encouraging compared to
Refs. 9±13.

Conclusions
A simpli® ed method for predictingonset of open-mode free edge

delamination has been proposed. The method takes advantage of
a linear relation between average interlaminar normal stress and
interface moment. Using this method, it is possible to predict open-
mode free edge delaminationby classical laminated plate theory for
a class of laminates.
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